Introduction {#Sec1}
============

Implementing states with long relaxation times is an attractive approach to quantum memories, sensors in quantum meteorology and as a tool for studies of slow processes in nuclear magnetic resonance (NMR) \[[@CR1]--[@CR4]\].

NMR is normally concerned with states polarized along the external magnetic field at some temperature. Thus, the spin--lattice interaction is the dominant source of energy relaxation with its characteristic time, $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{1}$$\end{document}$. There are, however, alternative ways of polarizing the spin system such that the polarized state is protected from the majority of relaxation mechanisms, allowing the relaxation time to substantially exceed $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{1}$$\end{document}$. For instance, a group of indistinguishable spins have symmetry properties that are preserved under collective noise processes. These symmetry degrees of freedom can be used for implementing long-lasting states \[[@CR5]--[@CR7]\].

Long-lived states (LLSs) have been implemented experimentally \[[@CR6]--[@CR15]\] and studied theoretically \[[@CR16]--[@CR19]\]. For the simplest case of two spin $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{2}$$\end{document}$ particles, the four spin eigenstates can be categorized into two symmetry groups: triplet states and singlet state. The former is invariant under spin exchange and the later is antisymmetric. By creating an imbalance of population between the singlet state and the identity in the triplet subspace, one can prepare a *symmetry-polarized* state that exhibits long relaxation time due to its resistance to the majority of relaxation mechanisms \[[@CR8], [@CR9]\]. One can extend this idea to three identical spins, where the eight eigenstates are categorized into three groups labeled *A*, $\documentclass[12pt]{minimal}
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                \begin{document}$$E_{-}$$\end{document}$ where the last two are degenerate subspaces. Under cyclic permutation of the spins, the four eigenstates in group *A* remain invariant, and so, *totally symmetric* states, whereas the two eigenstates in each of degenerate subspaces, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon = \hbox {e}^{\pm \frac{2 \pi }{3}}$$\end{document}$, and so, *non-symmetric* states \[[@CR12], [@CR17], [@CR20], [@CR21]\]. In a similar manner to the two-spin case, one can polarize three identical spins with respect to their symmetry by creating an imbalance of population between the *A* states and the $\documentclass[12pt]{minimal}
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                \begin{document}$$E_{\pm }$$\end{document}$ states. This has been implemented in methyl groups, and the relaxation time has been extended by factor of 7 beyond the single spin $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{1}$$\end{document}$ \[[@CR12]\].

The LLS is immune to collective noise because the symmetry of the states is also collective. Although the symmetry is preserved, the magnetization is not. Consider a state of three identical spins that have both symmetry order and magnetization order.[1](#Fn1){ref-type="fn"} In the absence of any symmetry breaking interaction and under a collective depolarizing noise, that system can evolve to a state with no magnetization order. Therefore, no signal of that state can be observed in NMR. However, one can still observe a signature of the symmetry order. In fact, any interaction that does not preserve the permutational symmetry of spins, in principle, can lead to a relaxation process that turns the polarization from *symmetry order* into *Zeeman order*, converting an initially prepared LLS to an NMR observable state. For example, in \[[@CR12]\], accessing the noise-protected subspaces has been achieved at low temperature where the majority of those interactions that distinguishes spins are *frozen* or have negligible effect. On the contrary, the NMR observations have been done at room temperature where those spin distinguishing relaxation processes are no longer negligible. A few examples of such interactions are the chemical shift anisotropy (CSA) and the dipole--dipole coupling between spins. The authors of \[[@CR17]\] have studied the contribution of both of these interactions on the NMR observation of LLS in spherical top molecules. They derive the NMR spectra in the limit of relatively short correlation time of methyl groups. Here, we describe an approach to calculate the contribution of the dipole--dipole interaction to the NMR observation of long-lived states, which focuses exclusively on the symmetry properties of the dipolar Hamiltonian. Our study is complementary to previous studies \[[@CR12], [@CR17]\].

The spectrum of initially prepared LLS in methyl groups has been reported and has some unique features \[[@CR12], [@CR21]\] that differentiate an initial symmetry-polarized state from a thermally polarized state. The scalar coupling between the methyl group with total spin operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {I}= \frac{1}{2} \overrightarrow{\sigma }^{C}$$\end{document}$ is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$ 2\pi \ J_{HC} \ \mathbf S \ .\ \mathbf {I}$$\end{document}$, which leads to splitting the proton and the carbon spectra into multiple peaks. On the proton channel, one would observe two resolved peaks, $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle S_{z} \otimes |\downarrow \rangle \langle \downarrow |\rangle $$\end{document}$, each corresponding to the carbon's state being aligned or anti-aligned with the field. On the carbon channel, one would observe four resolved peaks, $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \varPi _{\pm \frac{ 1}{2}} \otimes I_{z}\rangle $$\end{document}$, each corresponding to the total magnetization of the methyl group being $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPi _{\pm \frac{ 3}{2}/\frac{ 1}{2} }$$\end{document}$ is given in Eq. [33](#Equ33){ref-type=""}. In case of symmetry-polarized states, the two peaks on the proton channel have equal amplitudes but with opposite phases. The four peaks on the carbon channel have different amplitudes, and they are two-by-two anti-phase with one another \[[@CR12], [@CR22]\], as opposed to a thermally polarized state where all peaks on both spectra are in-phase with each other. In this report, we analytically calculate the NMR spectra of an initially prepared LLS and predict the above- described features that have been observed. Our result is consistent with the results in \[[@CR12], [@CR17]\]. Our approach relies on the symmetry properties of the dipolar Hamiltonian and explains the underlying physics that leads to extended relaxation time and observed features of the NMR spectra.

In Sect. [2](#Sec2){ref-type="sec"}, we review the definition of long-lived states in the case of three indistinguishable spins. In Sect. [3](#Sec3){ref-type="sec"}, we expand both the heteronuclear and homonuclear dipolar Hamiltonians in terms of symmetrized spin operators and analyze their properties. The symmetry analysis allows us to solve the master equation analytically in Sect. [4](#Sec6){ref-type="sec"} and to predict the NMR spectrum of LLS in methyl groups. We report a summary of this work in Sect. [5](#Sec9){ref-type="sec"}.

Long-lived state in methyl groups {#Sec2}
=================================

In the presence of a uniform static magnetic field, $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{0}$$\end{document}$, the spin Hamiltonian of protons in a methyl group is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_{\text {spin}}= \frac{\omega _{h}}{2} \sum \limits _{i=1}^{3} \ \sigma ^{(i)}_{z} + 2\pi \ J_{0}\ \sum \limits _{j< k} \ \overrightarrow{\sigma }^{(j)}.\overrightarrow{\sigma }^{(k)} + H_\mathrm{CSA} + H_\mathrm{DD}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _{h}= \gamma _{h}B_{0}$$\end{document}$ is the proton frequency, $\documentclass[12pt]{minimal}
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                \begin{document}$$J_{0}$$\end{document}$ is the scalar coupling constant between any two protons and $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\mathrm{DD}$$\end{document}$ account for the chemical shift anisotropy (CSA) and the dipole--dipole (DD) interaction between any two spins. At relatively large field, when the Zeeman interaction is the dominant term in the Hamiltonian, it is a good approximation to treat these protons as three indistinguishable spins. The spin eigenstates are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon =\hbox {e}^{i \frac{2\pi }{3}}$$\end{document}$. The other four eigenstates are obtained by replacing $\documentclass[12pt]{minimal}
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                \begin{document}$$|\downarrow \rangle $$\end{document}$. We denote the spin eigenstates with $\documentclass[12pt]{minimal}
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                \begin{document}$$s\in \{A, E_{+}, E_{-}\}$$\end{document}$ is the "symmetry label" and the second label $\documentclass[12pt]{minimal}
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                \begin{document}$$m \in \{\pm \frac{3}{2}, \pm \frac{1}{2} \}$$\end{document}$ is the collective magnetization. The symmetry label reflects that if we cyclically permute the indistinguishable spins, the $\documentclass[12pt]{minimal}
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                \begin{document}$$|s, m\rangle $$\end{document}$ are eigenstates of the Zeeman Hamiltonian. So, they are labeled by the eigenvalues of the *z* component of the total spin angular momentum operator, $\documentclass[12pt]{minimal}
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As a first approximation, when the chemical shift anisotropy and dipole--dipole interactions are negligible compared to the Zeeman interaction, the Hilbert space of these identical spins can be partitioned as a direct sum of two subspaces, $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathscr {H}_{E}=\mathbb {C}^2 \otimes \mathbb {C}^{2}$$\end{document}$. The first subsystem (*s*) is not affected by collective noise operators, because$$\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in \{ x, y, z\}$$\end{document}$, preserve the symmetry label although they may corrupt the magnetization label. One can take advantage of this symmetry property by polarizing the methyl group in terms of the symmetry order rather than the conventional Zeeman order. This way, the system is protected against collective spin noise and may exhibit long relaxation times. This has been experimentally demonstrated as *long-lived states* in methyl groups \[[@CR12]\] where an imbalance of population is created between the *A* subspace and the $\documentclass[12pt]{minimal}
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                \begin{document}$$E_{\pm }$$\end{document}$ subspaces. In the following section, we provide a mathematical description for these noise- protected states.

We denote a state that is only populated in a particular symmetry subspace by $\documentclass[12pt]{minimal}
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Symmetry of dipolar coupling {#Sec3}
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Dipolar Hamiltonian {#Sec4}
-------------------
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Similarly, the heteronuclear coupling between the collective spins, $\documentclass[12pt]{minimal}
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The heteronuclear dipolar Hamiltonian does not commute with the spin cyclic permutation operator, i.e., $\documentclass[12pt]{minimal}
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Symmetrized Operators {#Sec5}
---------------------

We introduce the symmetrized bilinear spin operator and rewrite the dipolar Hamiltonian in terms of them. These symmetrized operators provide insight into the key components of the dipolar coupling that leads to observing a protected state. We start with the external dipolar interaction and then elaborate on the internal dipolar coupling and discuss their differences and similarities.
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The above transitions can be categorized in three groups: the zero-quantum transitions (ZQ) also known as *flip--flop* terms when $\documentclass[12pt]{minimal}
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Master equation {#Sec6}
===============

At high temperature and in liquid phase, the space coordinates $\documentclass[12pt]{minimal}
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Relaxation induced by heteronuclear coupling {#Sec7}
--------------------------------------------
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The Lindbladian form of the semiclassical master equation gives us \[[@CR26]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$R_{q}^{\lambda }(\tau )$$\end{document}$ denotes the symmetrized autocorrelation function, and the overbar notation refers to averaging over the random variables. The imaginary part of the spectral density of noise leads into the dynamical shift and can be absorbed in the coherence evolution part \[[@CR27]\].

*For the purpose of the following discussion, the explicit form of the* $\documentclass[12pt]{minimal}
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                \begin{document}$$J^{\lambda }_{q}(\omega ) \approx J^{A}_{q}(\omega ) $$\end{document}$, one can conclude that the system is very robust against noise and exhibits very long relaxation time. This is in agreement with the result in \[[@CR12], [@CR17]\] where in the limit of very fast rotations of the methyl group, the LLS becomes the eigenstate of the relaxation superoperator, preserving the population imbalance. For the sake of simplicity in the following discussion, we ignore all of the totally symmetric Lindblad operators, since they do not play a critical role in observing the protected state. We also neglect the $\documentclass[12pt]{minimal}
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To obtain the allowed transitions due to ZQ and DQ terms, we need to calculate the effect of $\documentclass[12pt]{minimal}
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Based on the above relations, the allowed transition due to $\documentclass[12pt]{minimal}
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The calculation in Eq. [25](#Equ25){ref-type=""} convinces us that if the initial state is a probabilistic mixture of different energy levels, the above master equation reduces to the classical rate equations to:$$\documentclass[12pt]{minimal}
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It remains to solve the rate equations in case of $\documentclass[12pt]{minimal}
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Relaxation induced by homonuclear coupling {#Sec8}
------------------------------------------

In case of internal dipolar coupling, the analogy to Eq. [24](#Equ24){ref-type=""} is$$\documentclass[12pt]{minimal}
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We solve the master equation using the same approach we used in the previous section for heteronuclear coupling. In order to calculate the change of population of each energy level during the short evolution time $\documentclass[12pt]{minimal}
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For the initial state of interest (Eq. [27](#Equ27){ref-type=""}), at $\documentclass[12pt]{minimal}
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Considering the above point, the solution of the master equation in Eq. [36](#Equ36){ref-type=""} for a short evolution time, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta t$$\end{document}$, is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varDelta \left[ A, \pm \frac{3}{2}\right] _{1}= & {} \,- \frac{\delta t}{4} \ \left( C_{+}\ g_{1}^{E_{\mp }} + C_{-} \ g_{1}^{E_{\pm }}\right) \nonumber \\&-\, \delta \ t \left( C_{+}\ g_{2}^{E_{\mp }} + C_{-} \ g_{2}^{E_{\pm }}\right) \nonumber \\ \varDelta \left[ A, \pm \frac{1}{2}\right] _{1}= & {} \,- \frac{3\ \delta t}{4} \ \left( C_{+}\ g_{1}^{E_{\mp }} + C_{-} \ g_{1}^{E_{\pm }}\right) \nonumber \\ \varDelta \left[ E_{+}, \pm \frac{1}{2}\right] _{1}= & {} \,+ \ \frac{\delta t}{4} \ C_{+} \left( g_{1}^{E_{\mp }} + 3\ g_{1}^{E_{\pm }} \right) \nonumber \\&+\, \delta \ t\ C_{+} \ g_{2}^{E_{\pm }} \nonumber \\ \varDelta \left[ E_{-}, \pm \frac{1}{2}\right] _{1}= & {} \,+ \ \frac{\delta t}{4} \ C_{-} \left( g_{1}^{E_{\pm }} + 3\ g_{1}^{E_{\mp }}\right) \nonumber \\&+\, \delta \ t\ C_{-} \ g_{2}^{E_{\mp }} \end{aligned}$$\end{document}$$Given the above relations and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[x]_{\delta t}= [x]_{0} + \varDelta [x]_{1}$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \{ |s, m\rangle \}$$\end{document}$, the expected NMR spectrum of protons for short evolution time is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle \mathbf {S}_{z} \rangle _{\delta t}= & {} \frac{3}{2}\ \left( \left[ A, \frac{3}{2}\right] _{\delta t} - \left[ A, -\frac{3}{2} \right] _{\delta t} \right) \\&+\, \frac{1}{2} \sum \limits _{s} \left( \left[ s, \frac{1}{2}\right] _{\delta t} - \left[ s, -\frac{1}{2} \right] _{\delta t} \right) \\= & {} \delta t \ (C_{+} - C_{-}) \ \left( \left( g_{1}^{E_{+}}- g_{1}^{E_{-}}\right) + 2\left( g_{2}^{E_{+}}- g_{2}^{E_{-}}\right) \right) \end{aligned}$$\end{document}$$We repeat the above calculation for the second time step, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t= 2\ \delta t$$\end{document}$, using the method explained in "Appendix" and concluded that the signal is proportional to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(C_{+} - C_{-}) \ ( g_{q} ^{E_{+}} + g_{q}^{E_{-}}) $$\end{document}$. *This means that if the* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{+}$$\end{document}$ and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{-}$$\end{document}$ *subspaces are equally populated at* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$, *the higher-order contribution of the homonuclear dipolar relaxation to the NMR spectra is also zero*. We justify this counterintuitive result by comparing the spin operators of the heteronculear coupling to that of the homonuclear couplings. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {ZQ}^{\lambda }$$\end{document}$ and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {DQ}^{\lambda }$$\end{document}$ transitions of the external dipolar interaction occur when the protons of methyl group exchange energy with an external spin. This *effectively* appears as a single spin flip (or a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {S}_{\pm }^{\lambda }$$\end{document}$ operator) in the space of protons. In that sense the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{+}^{\lambda }$$\end{document}$ of the homonuclear coupling is similar to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {S}_{\pm }^{\lambda }$$\end{document}$ of the heteronuclear coupling. There are two important points that differentiate the two relaxation processes. The first point is that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{+}^{\lambda }$$\end{document}$ is block diagonal in the *E* subspace, meaning that there is no exchange of population between the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{+}$$\end{document}$ and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{-}$$\end{document}$ subspaces as opposed to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {S}_{+}^{\lambda }$$\end{document}$ operator. As a result, when these two spaces are equally populated at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$, after an evolution time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta t$$\end{document}$, the net polarization in the Zeeman basis remains zero, because both of these subspaces exchange population with the *A* subspace with the same rate but in opposite direction. Thus, the homonuclear coupling *passively* breaks the symmetry of an initially prepared protected state, meaning that even though it induces nonzero transition between different symmetry subspaces, its effective contribution to the NMR observation of LLS is zero. The second point is that, in case of heteronuclear interaction, when a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s, m, \uparrow \rangle $$\end{document}$ level experiences a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {DQ}$$\end{document}$ transition with the rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J_{2}^{\lambda }$$\end{document}$ for instance, its counterpart $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s, -m, \uparrow \rangle $$\end{document}$ experiences a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {ZQ}$$\end{document}$ transition with the rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{6}J_{0}^{\lambda }$$\end{document}$. The differences between the two rates, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(J^{\lambda }_{2} - \frac{1}{6} \ J^{\lambda }_{0})$$\end{document}$, appear as a nonzero factor in the NMR signal (Eq. ). This holds true even if the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{+}$$\end{document}$ and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{-}$$\end{document}$ subspaces have identical initial population. Thus, the heterouclear coupling *actively* breaks the symmetry of an initially prepared protected state because it leads to a nonzero signal.

Conclusion {#Sec9}
==========

We analyzed the contribution of both the internal and the external dipolar interactions of methyl groups in NMR observation of long- lived states that are initially prepared as symmetry-polarized states. The symmetry properties of spin operators and the density matrix allowed us to first show why these states exhibit long relaxation times and second to solve the master equation analytically and obtain the NMR spectrum. Our study provides insight into the nature of symmetry breaking interactions that lead to converting LLS into an NMR observable state and is in agreement with the reported experimental observations \[[@CR12]\]. As complimentary to the previous study \[[@CR17]\] where the authors solved the master equation by considering a particular correlation function, one can use the symmetry breaking patterns that we derived here to simplify the calculation of the master equation for any arbitrary spectral density of noise. We find that even though both the heteronuclear and homonuclear dipolar coupling break the symmetry of LLS, only the former leads to a relaxation pathway with nonzero polarization transfer from symmetry order to Zeeman order. This approach might find application in other areas in NMR where the underlying physics of the relaxation mechanisms is of interest.

Appendix {#Sec10}
========
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To conclude, the solution of the rate equations for the second step, $\documentclass[12pt]{minimal}
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In case of two identical spins, one can find a relation between the symmetry order and the thermal magnetization order \[[@CR15]\].
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